We present a dissipative system with unstable dynamics called unstable dissipative system which are capable of generating a multi-stable behavior, i.e., depending on its initial condition the trajectory of the system converge to a specific basin of attraction. A piecewise linear (PWL) systems is generated based on unstable dissipative systems (UDS) whose main attribute when they are switched is the generation of chaotic trajectories with multiple wings or scrolls. For this PWL system a structure is proposed where both the linear part and the switching function depend on two parameters. We show the range of values of such parameters where the PWL system presents a multistable behavior and trajectories with multiscrolls.
I. INTRODUCTION
In the evolution of a complex system, there are several possible (coexisting) basins of attraction with a sink that traps the system trajectory depending on its initial state. This phenomenon is usually called multistability and appears in a wide variety complex systems 1,2 .
The correct interpretation of a sink depends on the complex system being studied. For instance, in the context of biology there are many examples of systems that manifest multistability phenomena. An example worth mentioning is the cellular differentiation in order to understand human development and distinct forms of diseases. Here, multistability is understood as a processes in which a gene regulation network alternates along several possible types of cell 3 . Another example comes from the nonlinear chemical dynamics, where multistability is understood as the different possible final chemical states 4 . In this context, the archetype system is the Oregonator oscillator, where concentrations of the reacting species oscillate between two stable final states (bistability). Several examples can be cited ranging from medicine 5 , electronic 6 , visual perception 7 , superconducting 8 , etc. All of these examples motivate the current research works that address the challenger posed by R. Vilela
Mendes in 9 of -identifying the universal mechanism that leads to multistability and to prove rigorously under what circumstances the phenomenon may occur.
One feasible mode to address this challenge is through the formalism of dynamical systems where the concepts of basin of attraction, stability, convergence among others have a mathematical definition and also allow us to use some tools from stability theory to analyze its behavior. It is worth to note that this situation is similar with the research works some year ago where chaotic behavior was modeled and interpreted from the point of view of dynamical systems. Since then, various dynamical systems with a chaotic behavior have been proposed (some examples are the Lorenz, Chua and Rössler systems, to name a few).
In the context of dynamical systems, an attractor is defined as a subset of the phase space toward which the trajectories of the dynamical systems converge to it. Attractors can be fixed points, limit cycles, quasiperiodic, chaotic or hyper-chaotic orbits. The basin of attraction is defined as the set of all the initial conditions in the phase space whose corresponding trajectories converge to an attractor 10, 11 . Concepts of convergent trajectories and attractor stability are usually associated with a energy-like term called Lyapunov function. Then, with the above concepts it can be said that a multistable dynamical system is a dynamical system that, depending on its initial condition, its trajectories can converge to two or more mutually exclusive Lyapunov stable attractors 5 . 18 , have been observed that multistable behavior is also presented in the Butterfly-Flow system and in the memristive diode bridge-based Jerk circuit, respectively. It is worth to mention that for some discrete-time chaotic systems, the multistable behavior is also displayed 19, 20 In this paper we propose two methodologies to generate a multi stable behavior in a UDS of Type I and Type II. The first methodology consist in introduce a bifurcation parameter in the linear operator of the UDS of Type I. With such parameter, we can change the location of the stable and unstable manifold until the trajectories are trapped in a specific region of the space. In regard to our second methodology, we consider a UDS Type II and modify the switching law without changing the linear operator. With both methodologies we can design a priory the number of multistable regions by introducing another switching surfaces.
This paper is organized as follows: in Section 2 we propose a definition of a multistable dynamical systems. In section 3, we define and describe the main features of an UDS. Even we present in this section the conditions under which a dynamical system is an UDS Type I or Type II system. In section 4 we present in detail our proposed methodology to induce multistability in a UDS Type I system and in section 5 the corresponding methodology for UDS Type II. In section 6 we present some concluding remarks.
II. MULTISTABLE DYNAMICAL SYSTEM
Let R n be a metric space with Euclidean metric d. The dynamical system on the metric space R n that we consider in this paper is an autonomous nonhomogeneous first order lineal ordinary differential equation system of the form:
where χ ∈ R n is the state vector, A = {a ij } n i,j=1 ∈ R n×n is a non-singular linear operator with a ij ∈ R and; g : R n → R n is a piecewise constant vector which commutes as follows:
where what follows we call each Σ i the switching surfaces. Furthermore, we assume that each set S i has a saddle equilibrium point χ * i ∈ S i . If λ j = α j + iβ j is either a complex eigenvalue β j = 0 or real eigenvalue β j = 0 of the linear operator A andv j ∈ R n its corresponding eigenvector, then the stable set is E s = Span{v j ∈ R n : α j < 0} and the unstable set
Let φ t (χ 0 ) ∈ R n be the solution curve or trajectory of (1) given the initial condition χ 0 .
Definition II.1. A closed invariant set A ⊆ R n is called an attracting set of (1) with flow
where
An attractor of (1) is an attracting set which contains a dense orbit.
Definition II.2. The basin of attraction of A is the set of initial conditions whose trajectories converge to the attractor, that is
Thus, an attractor is a closed invariant set A and there is an open neighborhood U ⊃ A such that the trajectory
There are different types of attractors, i.e., stable equilibrium point, limit cycle, a set generated by a chaotic trajectory. Based on the aforementioned definition, we will be considering the following definition of a generalized multistable system throughout this work:
Definition II.3. We say that the dynamical system given by (1) is generalized multistable if there exist more than one basin of attraction, i. e. Ω(
In the context of generalized multistability, the coexistence of multiple attractors
Remark II.4. It is important to characterize different types of multistability as follows:
of saddle equilibrium points of (1) in R n . The basin of attraction of each equilibria is given by the stables set E s . This type of multistable states is known as multistability.
2.-Due to the phase space R n is partitioned in a finite number m ∈ Z of domains S i and each equilibrium point is located at χ * 3.-When the trajectory does not converge to the equilibria, instead oscillates around them and exist at least two basin of attractors Ω i = Ω(A i ) and Ω j = Ω(A j ), this type of multistable states is known as generalized multistability. This is the target of this work.
III. CHAOTIC ATTRACTORS BASED ON UNSTABLE DISSIPATIVE SYSTEMS
We consider the following family of affine linear systems:
is the state vector, the real matrix A ∈ R 3×3 is a non-singular linear operator; and B : R 3 → R 3 is a piecewise constant vector which is controlled by a step function accoding to the domain S i . For simplicity and without loss of generalization,
we assume that (3) is given by the jerk type equation 22 :
where α, β, γ ∈ R and σ(χ) : R 3 → R is a step function which is determined by a switching law to control the equilibria of the system, as follows:
with b i ∈ R and S i , i = 1, . . . , m, generates a partition of the phase space, with v ∈ R
3
(with v = 0) a constant vector and δ 1 ≤ δ 2 ≤ · · · ≤ δ m−1 determine switching surfaces
In particular, we assume that switching surfaces Σ j are defined by using v = [1, 0, 0] ⊤ ∈ R 3 and different values of δ j . The role of the switching function σ is to specify which constant vector is active at a given domain S i , that is, if σ(χ) = b i for i ∈ I = {1, . . . , m}, then the affine linear system that governs the dynamics in the switching domain S k is given byχ = Aχ + (0, 0,
Our case study is when each switching domain contains an single saddle equilibrium point located at χ * i = A −1 B i , with i ∈ I. The idea is to generate different basins of attraction
of the system (3)-(4) converges at only one attractor A j . We are considering generalized multistability so the trajectory needs to remain oscillating chaotically. We start considering only one basin of attraction of a multiscroll chaotic attractor. The mechanism of generation of multiscroll attractors based on this class of systems is due to the stable and unstable manifolds. For example, considering two domains S i and S i+1 , and the commutation surface Σ i between them. When the trajectory φ t (χ 0 ), with initial condition χ 0 ∈ S i ∩ Ω, reaches to the commutation surface Σ i and crosses to the region S i+1 , where it is again trapped in a new scroll with equilibrium point χ *
. There are two important facts about the generation of multiscroll attractors, first that the scrolls are generated due to the complex conjugate eigenvalues with positive real part, so the scroll increasing their size due to the unstable manifold. Second, that the trajectory of the system oscillating around the equilibrium point χ * i escapes from the domain S i . This occurs near the unstable manifold E u i ⊂ S i where it crosses the commutation surface and it is attracted by the stable manifold E s i+1 ⊂ S i+1 towards the equilibrium point χ * i+1 in the domain S i+1 . The process is repeated in the inverse way forming scrolls around each equilibrium point. In this context, the system (3)-(4) can display various multi-scroll attractors as a result of a combination of several unstable one-spiral trajectories 23 , where the switching between regions is governed by the switching function (5) .
In what follows, we assume that the eigenspectra Λ = {λ 1 , λ 2 , λ 3 } of the linear operator A ∈ R 3×3 has the following features: a) at least one eigenvalue is a real number and; b)
at least two eigenvalues are complex conjugate numbers. Furthermore, we consider that the sum of eigenvalues of Λ is negative. A dynamical system defined by the linear part of the system (3) that satisfy the above requirements is called an Unstable Dissipative System (UDS) 1 .
Definition III.1. Let Λ = {λ 1 , λ 2 , λ 3 } be the eigenspectra of the lineal operator A ∈ R 3×3 , such that 3 i=1 λ i < 0, with λ 1 a real number and λ 2 , λ 3 two complex conjugate numbers. A system given by the linear part of the system (3) is said to be a UDS Type I if λ 1 < 0 and Proof. The characteristic polynomial of the lineal operator (4) is:
The roots of p(λ) give the following expressions for the eigenspectra Λ = {λ 1 , λ 2 , λ 3 } of (4):
Note that λ 1 < 0 and has no positive roots, so it has only one negative root due to the equilibrium point is a saddle. Then the eigenspectra is given by one negative real eigenvalue and a pair of complex conjugate eigenvalues with positive real part.
Only one UDS type I generates an unstable spiral around the equilibrium point χ * such that a trajectory φ t (χ 0 ), χ 0 ∈ R 3 − E s ,crosses many times a Poincaré plane Π if Π is deined at the equilibrium point χ * and perpendicular to the unstable manifold
be a set of saddle equilibria of the PWL system (1) based on UDS Type I
be a set of equilibria of a PWL system (1) based on UDS Type I that generates a chaotic attractor A. We say that the system (1) generates a multiscroll chaotic attractor with the minimum of saddle equilibria, if the chaotic trajectory φ t (χ 0 ) ⊂ S i , χ 0 ∈ Ω(A), crosses each Poincaré plane Π i defined at χ * i and Π i ⊥ E u i more than once before leaving the domain S i and goes to domains S i−1 or S i+1 . the Proposition (III.2), the last row of the lineal operator (4) is defined by the following elements: α = 1.9727, β = 1.2656 and γ = 1. With this selection of control parameters, the eigenvalues of A are λ 1 = −1.25 and λ 2,3 = 0.125 ± i1.25, which according to Definition III.1, the system is an UDS Type I . We define the switching law as:
Then, the equilibria for this system are located at χ * is an UDS Type II . In particular, for this second example we define the following switching law:
Then, the equilibria for this system are located at χ * 
IV. EMERGING MULTISTABILITY IN A MULTISCROLL ATTRACTOR BASED ON UDS TYPE I
Based on the previous description of a UDS, in this section we consider the PWL system given by (3)-(4). The goal is to introduce a bifurcation parameter k to this kind of systems in order to go from monostability to multistability. The modification to the system needs to satifiy the folowing requierement: The equilibria of the system need not depend on either the parameter k or parameters α, β and γ of the linear operator A. This lets the parameter k control the manifolds E s and E u in each S i in order to trap the trajectory in only a single-scroll attractor. The candidate to be our linear operator is given in the following way:
We have two problems, the forme is that the paramete k can modify the dissipativity of the system given by −kγ, and the second is that the equilibria are given by χ * = (σ(χ)/kα, 0, 0) ⊤ .
The dissipativity of the system is kept if −kγ is arbitrarily set to −1. We require to preserve the location of the equilibria of the PWL system so we need to multiply σ(χ) by kα. 
where k ∈ R + , α = 1.9727 and β = 1.2656.The σ(χ) function is given by (6) . For k = 1, we have the particular case given in the example 1 of the Section III, the system given by (3) and (8) satisfies the requirements of Definition (III.1). In Figure (1) d) we can observe a triple-scroll attractor A. There is only one basin of attraction Ω(A) ⊂ R 3 that contains a chaotic attractor. In this section we use the parameter k as a bifurcation parameter whose role is to modify the location of the stable E s and unstable E u manifolds. In this sense, k change the dynamical behavior of the UDS Type I system from mono-stable to multistable, i.e., from multiscrol attractorl to three different single-scroll attractors. It is worth to note that by changing k, the switching surfaces and the equilibria remain unchanged. If we increase the value of k parameter, the manifold directions change in such a way that for a given initial condition, the trajectory can not display a triple-scrolls attractor as before.
Example 3: For k = 7 we haveα = kα = 13.8089,β = kβ = 8.8592 andγ = kγ = 1. These new parametersα,β andγ satifies proposition III.3, so the PWL system is based on UDS type I. Now, the trajectory is trapped in a single-scroll attractor, insead of a multiscroll attractor. There are three basins of attractions Ω i , with i = 1, 2, 3. The attrators generated in a multistable state is shown in Figure ( 3), where the following three distinct initial condition were used:
Next, we vary the initial condition of the dynamical system defined by (3)- (8) A green dot means that for such initial condition, the system is trapped in the attractor A 1 . In similar way, the red dot correspond to the basin of attraction A 2 and blue dots to
Example 4: It is worth to mention that it is possible to extend the number of final states of the UDS Type 1 by increasing the number of switching domains of the systems. The key idea is to design appropriately the switching law by introducing more domains 23 . In order to illustrate how to increase the number of final stable states we change the switching law (6) as follows:
In Figure (5) we shown the behavior of the dynamical system defined by (3)- (8) 
V. EMERGING MULTISTABILITY IN A MULTISCROLL ATTRACTOR BASED ON UDS TYPE II
Now, the interest is to generate multistability behavior via a dynamical system based on UDS Type II, so we consider the system (3) with (4).
The idea of generalized multistability generation is different to that given in Section IV, instead of controlling the stable and unstable manifolds, it is increased the number of domains in the partion of the phase space. Recall that the spectra Λ = {λ 1 , λ 2 , λ 3 } of the linear operator A is given as follows: 0 < λ 1 ∈ R, and λ 2 , λ 3 ∈ C is a pair of complex conjugate with negative real part and corresponding eigenvectorsv j ∈ R n , j = 1, 2, 3. Our starting point is example 2 where α = −0.6, β = 6 and γ = 0.6, and the phase space is partitioned by S 1 = {χ ∈ R 3 |x 1 ≥ −1} and S 2 = {χ ∈ R 3 |x 1 < −1}. Each domain has a stable manifolf E Example 5: We exemplify the multistability based on UDS type II by a PWL system which is capable of producing generalized bistability. The PWL system given in example 2 is used but now the phase space is partitioned in three domains given by S 1x 1 = {χ ∈ R 3 |x 1 > 1},
The switching surfaces are given by Σ 1 = {χ ∈ R 3 |x 1 = 1} and Σ 2 = {χ ∈ R 3 |x 1 = −1}. This action of introducing a new domain modifies the function σ(χ) given by (7) as follows:
Now,the equilibria are located at x * 1 = (0, 0, 0) and x * 2,3 = (±11.66, 0, 0), and this dynamical system presents two attractors A L and A R , which are shown in Figure ( attraction Ω 1 and Ω 2 corresponding to two attractors A L and A R , respectively.
The generalization of bistable to multistable behavior given by a dynamical system based on UDS Type II can be given by adding more domains to the partition by considering swithcing surfaces Σ i perpendicular to the axis x 1 based on the aforementioned. But it is not the only way how we can add more domains The other idea is explained with the next example.
Example 6:
Now we explain how to generate four attractors in a two dimensional grid (2D-grid scroll attractors) by modifying the piecewise constant vector B. The equilibria of the system is given by χ * = (σ(χ)/α, 0, 0) ⊤ by considering (4) . Notice that the equilibria are loacted in the axis x 1 but now we want the equilibria are located onto the plane (x 1 , x 2 ) as follows where σ(·) is the switching law give by (10) , and f (χ) is the following step function:
f (χ) =    −1.4, if χ ∈ S 1x 2 = {χ ∈ R 3 : x 2 ≤ 0};
1.4, if χ ∈ S 2x 2 = {χ ∈ R 3 : x 2 > 0}.
The role of the function f (·) is to split the x 2 direction for each one of the switching surfaces S ix 2 and add more domains. Now the space R 3 is partitioned in six domains given as follows: S 1 = S 1x 1 ∩ S 1x 2 , S 2 = S 2x 1 ∩ S 1x 2 , S 3 = S 3x 1 ∩ S 1x 2 , S 4 = S 1x 1 ∩ S 2x 2 , S 5 = S 2x 1 ∩S 2x 2 , S 6 = S 3x 1 ∩S 2x 2 . Now there are six equilibria located at: x * 1,3,4,5 = (±11.66, ±2, 0) and x * 2,5 = (0, ±2, 0), with the three equilibrium points added is possible generate four attractors. Figure ( Each point represents a given initial condition and its color is the basin of attractions in which the UDS converge with such initial condition.
VI. CONCLUDING REMARKS
We have proposed two methodologies to design dynamical systems based on unstable dissipative systems either of Type I or Type II in such a way that both types of systems generate a multistable behavior. The former methodology consists in introducing a bifurcation parameter in the linear operator of the UDS of Type I. With such parameter, we can change the location of the stable and unstable manifold until the trajectory is trapped in a specific attracting set. In regard to our second methodology, we have considered a UDS Type II and more domains have been added to the particion of the phase space. The domains were added by modifing the switching law without changing the linear operator. With this methodology we can design a priory the number of attractors by changing the vector B.
